Contextuality in Quantum Mechanics: Testing the Klyachko Inequality by Bub, Jeffrey & Stairs, Allen
ar
X
iv
:1
00
6.
05
00
v2
  [
qu
an
t-p
h]
  1
7 J
un
 20
10
Contextuality in Quantum Mechanics:
Testing the Klyachko Inequality
Jeffrey Bub∗
Philosophy Department and Institute for Physical Science and Technology
University of Maryland, College Park, MD 20742, USA
Allen Stairs †
Philosophy Department, University of Maryland, College Park, MD 20742, USA
Abstract
The Klyachko inequality is an inequality for the probabiities of the values of five ob-
servables of a spin-1 particle, which is satisfied by any noncontextual assignment of
values to this set of observables, but is violated by the probabilities defined by a cer-
tain quantum state. We describe an experiment between two entangled spin-1 particles
to test contextuality via a related inequality. We point out that a test of contextuality
by measurements on a single particle to confirm the Klyachko inequality requires an
assumption of non-disturbance by the measuring instrument, which is avoided in the
two-particle experiment.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.-a
1 The Klyachko Inequality
In [2, 3], Klyachko proposed a remarkably simple state-dependent version of the Kochen-
Specker theorem. Recall that Kochen and Specker [4] identified a finite set of 1-
dimensional projection operators on a 3-dimensional Hilbert space, in which an in-
dividual projection operator can belong to different orthogonal triples of projection op-
erators representing different bases or measurement contexts, such that no assignment
of 0 and 1 values to the projection operators is possible that is both (i) noncontextual
(i.e., each projection operator is assigned one and only one value, independent of con-
text), and (ii) respects the orthogonality relations (so that the assignment of the value 1
to a 1-dimensional projection operator P requires the assignment of 0 to any projection
operator orthogonal to P ). In a measurement of a quantum system associated with a 3-
dimensional Hilbert space, the system is required to produce a value for an observable
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represented by a 1-dimensional projection operator P with respect to the measurement
context defined by P and its orthogonal complement P⊥ in a nonmaximal measure-
ment, or with respect to a measurement context defined by a particular orthogonal triple
of projection operators in a maximal measurement. Unlike the situation in classical me-
chanics, different maximal measurement contexts for a quantum system are exclusive:
they cannot all be embedded into one context. In this sense, measurement in quantum
mechanics is contextual, and the distribution of measurement outcomes for a quantum
state cannot be simulated by a noncontextual assignment of values to all observables,
or even to certain finite sets of observables, by the Kochen-Specker theorem.
Note that the contextuality of individual measurement outcomes is masked by the
statistics, which is noncontextual: the probability that a measurement of an observable
corresponding to a projection operator P yields the value 1 in a quantum state |ψ〉
is the same, irrespective of the measurement context, i.e., irrespective of what other
projection operators are measured together with P in the state |ψ〉.
Klyachko derived an inequality for five observables, which is satisfied by any non-
contextual assignment of values to this set of observables, but is violated by the prob-
abilities defined by a certain quantum state. Here is a sketch of Klyachko’s derivation
of the inequality.1
Consider a unit sphere and imagine a circle Σ1 on the equator of the sphere with an
inscribed pentagon and pentagram, with the vertices of the pentagram labelled in order
1, 2, 3, 4, 5 (see Fig. 1).
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Figure 1: Circle Σ1 with inscribed pentagram
Note that the angle subtended at the centerO by adjacent vertices of the pentagram
defining an edge (e.g., 1 and 2) is θ = 4pi/5, which is greater than pi/2. It follows
that if the radii linking O to the vertices are pulled upwards towards the north pole of
1This formulation of Klyachko’s result, reproduced from [1], owes much to a discussion with Ben Toner
and differs from the analysis in [2, 3].
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the sphere, the circle with the inscribed pentagon and pentagram will move up on the
sphere towards the north pole. Since θ = 0 when the radii point to the north pole (and
the circle vanishes), θ must pass through pi/2 before the radii point to the north pole,
which means that it is possible to draw a circle Σ2 with an inscribed pentagon and
pentagram on the sphere at some point between the equator and the north pole, such
that the angle subtended at O by an edge of the pentagram is pi/2. Label the centre of
this circle P (see Fig. 2; note that the line OP is orthogonal to the circle Σ2 and is not
in the plane of the pentagram).
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Figure 2: Circle Σ2 with inscribed pentagram
One can therefore define five orthogonal triples of vectors, i.e., five bases in a 3-
dimensional Hilbert space H3, representing five different measurement contexts:
|1〉, |2〉, |v〉
|2〉, |3〉, |w〉
|3〉, |4〉, |x〉
|4〉, |5〉, |y〉
|5〉, |1〉, |z〉
Here |v〉 is orthogonal to |1〉 and |2〉, etc. Note that each vector |1〉, |2〉, |3〉, |4〉, |5〉
belongs to two different contexts. The vectors |u〉, |v〉, |x〉, |y〉, |z〉 play no role in the
following analysis, and we can take a context as defined by an edge of the pentagram
in the circle Σ2, i.e., one of the edges 12, 23, 34, 45, 51.
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Consider, now, assigning 0’s and 1’s to all the vertices of the pentagram in the circle
Σ2 noncontextually (i.e., each vertex is assigned a value independently of the edge to
which it belongs), in such a way as to satisfy the orthogonality constraint that at most
one 1 can be assigned to the two vertices of an edge (since, in a measurement of the
observable corresponding an edge of the pentagram, the system is required to select
one vertex of the edge, designated by the assignment of a 1 to the selected vertex and 0
to the remaining vertex, or to select no vertices, in which case the vector orthogonal to
the edge is selected and assigned 1, and the two vertices of the edge are both assigned
0).
It is obvious by inspection that the orthogonality constraint can be satisfied noncon-
textually by assignments of zero 1’s, one 1, or two 1’s (but not by three 1’s, four 1’s,
or five 1’s). Call such assignments ‘charts’ of type C0, C1, C2, respectively. There are
11 such charts: one chart of type C0 (corresponding to the assignment of 1 to the five
vectors orthogonal to the five edges of the pentagram), five possible charts of type C1
(each corresponding to the assignment of 1 to one of the five vertices of the pentagram,
and 0 to the remaining vertices), and five possible charts of type C2 (each correspond-
ing to the assignment of two 1’s to the vertices of one of the five edges of the pentagon
connecting the five vertices of the pentagram, i.e., the pentagon with edges 14, 42, 25,
53, 31 in the circle Σ2).
If we label the possible charts with a hidden variable λj ∈ Λ = {λj : i =
1, . . . , 11}, and average over Λ, then the probability that a vertex v(i), 1 = 1, . . . , 5, is
assigned the value 1 is given by:
p(v(i) = 1) =
∑
Λ
v(i|λj)p(λj) (1)
so:
5∑
i=1
p(v(i) = 1) =
5∑
i=1
∑
Λ
v(i|λj)p(λj)
=
∑
Λ
(
5∑
i=1
v(i|λj))p(λj) (2)
Since, for a given λj , i.e., for a given chart,
∑5
i=1 v(i|λj) ≤ 2, and since
∑
j p(λj) =
1, it follows that
5∑
i=1
p(v(i) = 1) ≤ 2 (3)
This is Klyachko’s inequality: the sum of the probabilities assigned to the vertices
of the pentagram on the circle Σ2, i.e., the probabilities that the projection operators
corresponding to the vertices are assigned the value 1 in a measurement, must be less
than or equal to 2, if the value assignment is noncontextual and satisfies the orthog-
onality constraint. Note that the inequality follows without any assumption about the
relative weighting of the charts, i.e., the probabilities p(λj), other than the assumption
that these probabilities are independent of the measurement context. The relevance of
this assumption will become clear in the following section.
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Now consider a quantum system in the state defined by a unit vector that passes
through the north pole of the sphere. This vector passes through the point P in the
center of the circle Σ2. Call this state |ψ〉. A simple geometric argument shows that if
probabilities are assigned to the 1-dimensional projectors defined by the vertices of the
pentagram on Σ2 by the state |ψ〉, then the sum of the probabilities is greater than 2!
To see this, note that the probability assigned to a vertex, say the vertex 1, is:
|〈1|ψ〉|2 = cos2 φ (4)
where |1〉 is the unit vector defined by the radius from O to the vertex 1. Since the lines
from the center O of the sphere to the vertices of an edge of the pentagram on Σ2 are
radii of length 1 subtending a right angle, each edge of the pentagram has length
√
2.
The angle subtended at P by the lines joining P to the two vertices of an edge is 4pi/5,
so the length, s, of the line joining P to a vertex of the pentagram is:
s =
1√
2 cos pi
10
(5)
Now, cosφ = r, where r is the length of the line OP , and r2 + s2 = 1, so:
cos2 φ = r2 = 1− s2 = cos
pi
5
1 + cos pi
5
=
1√
5
(6)
(because cospi/5 = 1
4
(1 +
√
5)), and so:
5∑
i=1
p(v(i) = 1) = 5× 1√
5
=
√
5 > 2 (7)
2 Testing the Inequality
Consider testing the noncontextuality of quantum mechanics by preparing the state |ψ〉
as defined above and measuring the projection operators corresponding to the directions
of the five vertices of the pentagram. Assuming the correctness of quantum mechanics,
one will obtain the probabilities p(v(i)) = 1√
5
so that
∑5
i=1 p(v(i) = 1) > 2, but such
an inequality could also be obtained via noncontextual assignments of values to these
projection operators, notwithstanding the argument in the previous section.
This would be possible if the probability distribution p(λj) were biased by the mea-
surement. Suppose, for example, that measurements of the observables corresponding
to the five edges of the pentagram are performed randomly, and 1’s and 0’s assigned
to the vertices on the basis of these measurement outcomes. Suppose, also, that in a
measurement of the observable corresponding to the edge 12, the measurement process
biases the probabilities p(λj) in such a way that p(λj) > 0 only for charts assigning
v(1) = 1, v(2) = 0 or v(1) = 0, v(2) = 1. To be specific, suppose the probability
of charts assigning v(1) = 1, v(2) = 0 is 1/2 and the probability of charts assigning
v(1) = 0, v(2) = 1 is 1/2, and all other charts are assigned probability 0. Suppose
the analogous thing happens for measurements corresponding to the other edges of the
5
pentagram as well. Then p(v(i) = 1) = 1/2 for all i, and so
∑5
i=1 p(v(i) = 1) =
5
2
,
which is not only greater than 2, but even greater than the quantum mechanical value.
Clearly, we can achieve the quantum mechanical value by assuming that in a measure-
ment of the observable corresponding to the edge 12, the measurement biases the prob-
abilities p(λj) in such a way that p(λj) = 1√
5
for charts assigning v(1) = 1, v(2) = 0
or v(1) = 0, v(2) = 1, and p(λj) = 1− 1√
5
for the remaining charts, and similarly for
measurements corresponding to the other edges of the pentagram.
The possibility of such a bias or measurement disturbance is not inconsistent with
any physical principle. Since the measurement interaction takes place at the site of the
particle, one cannot exclude this possibility on the basis of a locality assumption, for
example. So a test of contextuality via measurements on a single particle to confirm the
Klyachko inequality would need to design an experiment to rule out or minimize this
possibility. Here we propose an experiment involving two entangled spin-1 particles,
A and B, in which the correlations exclude a measurement bias. (We understand that
a two-particle Klyachko experiment to test contextuality has been discussed indepen-
dently by Anton Zeilinger and his group.2)
Consider the maximally entangled state
|Ψ〉 = 1√
3
3∑
i=1
|αi〉A|αi〉B ∈ H3 ⊗H3 (8)
where {|α1〉, |α2〉, |α3〉} is an orthogonal basis in H3. A biorthogonal representation
with equal coefficients takes the same form for any basis. The marginal probabilities
for the state |Ψ〉 for measurements corresponding to a vertex of the pentagram are all
1/3 for A and also for B. Call this the ‘marginal constraint.’ If a measurement of
the projection operator corresponding to a particular vertex is performed on A, and a
measurement of the projection operator corresponding to the same vertex is performed
on B, then the two measurement outcomes always agree. Call this the ‘agreement
constraint.’ If a measurement corresponding to a particular vertex is performed on A,
and a measurement corresponding to an orthogonal vertex is performed on B (i.e., if
the two measurements correspond to vertices that define an edge of the pentagram),
then one never obtains the value 1 for both measurements. Call this the ‘orthogonality
constraint.’ Agreement and orthogonality are guaranteed by the correlations of the state
|Ψ〉.
The proposed experiment is conducted in the following way: A choice of a mea-
surement direction (one of the five vertices of the pentagram) is chosen randomly for
A, and a corresponding measurement direction is chosen randomly for B. The results
are recorded, and over many measurements a statistics is obtained for the marginal
probabilities and for the following probabilities:
Case I:
p(v(i)A = v(i)B) (9)
where i = 1, . . . , 5 labels the same A-vertex and B-vertex.
2Private discussion with J. Bub during a visit to the Institute of Quantum Information and Quantum
Optics, Austrian Academy of Sciences.
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Case II:
p(v(i)A = 1, v(j)B = 1) (10)
where i, j = 1, . . . , 5 label anA-vertex and a B-vertex that define an edge of the
pentagram (i.e., orthogonal directions).
Case III:
p(v(i)A = 1, v(j)B = 1) (11)
where i, j = 1, . . . , 5 label anA-vertex and a B-vertex that define an edge of the
pentagon (i.e., nonorthogonal directions).
Case I tests the agreement constraint: these probabilities should all be 1 for the
state |Ψ〉. Case II tests the orthogonality constraint: these probabilities should all be 0
for the state |Ψ〉. In Case III, the probabilities, for the state |Ψ〉, should all be equal to:
p =
1
3
(
√
5− 1
2
)2 ≈ .12732 (12)
To see this, note that the cosine of the angle, χ, subtended at O by two non-
orthogonal states corresponding to two radii of the unit sphere subtending an edge
of the pentagon (see Fig. 3) is given by:3
cosχ =
√
5− 1
2
(13)
From the geometry in Fig. 3:
sin
χ
2
= s sin
pi
5
=
sin pi
5√
2 cos pi
10
=
√
2 sin
pi
10
=
√
2
√
5− 1
4
(14)
Now consider simulating the marginal constraint, the agreement constraint, and
the orthogonality constraint by noncontextual assignments of values to the vertices.
To satisfy the agreement constraint, each pair of particles in the state |Ψ〉 would have
to share the same chart (assuming the measurements are made within a time-interval
that does not allow communication between the particles). To satisfy the orthogonality
constraint, the charts would have to be of type C0, C1, or C2. To satisfy the marginal
constraint, a sequence of particle pairs in the state |Ψ〉 on which measurements are to be
performed would have to be associated with a shared mixture of these charts yielding
the value 1/3 for the marginal probability of obtaining 1 for a measurement direction
corresponding to a vertex. That is, each particle pair in the sequence would have to
share the same chart, and the charts shared by successive particle pairs in the sequence
would have to range over charts of type C2, C1, and C0, with the appropriate weights.
For charts of type C1, the probability of a vertex is 1/5, which is less than 1/3. So
any mixture would have to include charts of type C2. It is easy to see that there is only
3This is the inverse of the golden ratio, the limit of the ratio of successive terms in the Fibonacci series:
τ =
√
5+1
2
: 1/τ = τ − 1.
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Figure 3: Pentagram on Σ2 showing angle χ between states |1〉 and |3〉
one mixture,M21, of charts of typeC2 andC1, and one mixture,M20, of charts of type
C2 and C0 yielding a probability of 1/3 for each vertex:4
M21: 2/3 C2, 1/3 C1
M20: 5/6 C2, 1/6 C0
To obtain the probability 1/3, each particle pair in the sequence is labelled with a shared
hidden variable whose value selects a particular chart in the appropriate mixture, either
C2 orC1 in the case of mixtureM21, orC2 orC0 in the case of mixtureM20, where the
values occur in the sequence with probabilities corresponding to the mixture weights.
Other mixtures yielding the marginal 1/3 involve appropriate mixtures of charts of all
three types: C2, C1,and C0.
For the mixture M21, and vertices i, k that label an A-vertex and a B-vertex, re-
spectively, defining an edge of the pentagon, we have:
p(v(i) = 1, v(k) = 1) =
2
3
· 1
5
+
1
3
· 0
=
2
15
≈ .133333 (15)
4The weights are the solutions to the linear equations x · 2
5
+ y · 1
5
=
1
3
, x + y = 1 for the mixture
M21, and x · 25 + y · 0 =
1
3
, x+ y = 1 for the mixture M20.
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For the mixture M20, we have:
p(v(i) = 1, v(k) = 1) =
5
6
· 1
5
+
1
6
· 0
=
5
30
≈ .166666 (16)
Since these probabilities are both greater than p in (12), and since any mixture
of charts C2, C1, C0 will yield probabilities between these values, it follows that the
probabilities defined by noncontextual assignments of values to the vertices cannot
simulate the probabilities defined by the quantum state |Ψ〉.
Note that the agreement constraint forces the particles A and B to share the same
chart for each pair of measurements. A measurement bias for the selection of a par-
ticular chart is excluded here. The selection of A’s chart might be probabilistically
biased by the measurement on A, but A’s chart has to be the same as B’s chart, and
the selection ofB’s chart could not be biased byA’s measurement if the measurements
on A and B are space-like separated. Putting it somewhat anthropomorphically: the
B-particle cannot ‘know’ what measurement is performed on theA-particle, and so the
selection of B’s chart cannot be biased by this measurement, and conversely for A. So
this experiment, by contrast with the single particle experiment, is a crucial experiment
for contextuality: it is impossible to satisfy the marginal constraint, the agreement con-
straint, and the orthogonality constraint by a noncontextual assignment of values to all
the observables of the experiment, in such a way as to recover the probability p defined
by the state |Ψ〉.
One can put this in terms of an inequality. Denote the five edges of the pentagon
by ei, i = 1, . . . , 5, where the edge e1 is defined by the vertex 1 for A and 4 for B,
the edge e2 is defined by the vertex 4 for A and 2 for B, etc. Let p(ei) denote the
probability of obtaining a 1 for both vertices of the i’th edge in a joint measurement on
the two particles. Then we have:
For a noncontextual theory:
p(e1) + p(e2) + p(e3) + p(e4) + p(e5) ≥ 2
3
(17)
For the state |Ψ〉:
p(e1) + p(e2) + p(e3) + p(e4) + p(e5) =
5
3
(
√
5− 1
2
)2 ≈ .636610 (18)
Note, also, that for any pair of measurements X,X ′ corresponding to A-vertices,
and any pair of measurements Y, Y ′ corresponding to B-vertices, the Clauser-Horne-
Shimony-Holt inequalities are satisfied. In the usual expression for the CHSH inequal-
ities, the values of observables are ±1. Changing the units of the observables in the
Klyachko experiment from 0, 1 to -1, +1, we have:
〈XY 〉X=Y = 1 (19)
〈XY 〉pentagram edge = −
1
3
(20)
|〈XY 〉|pentagon edge ≤
1
3
(21)
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where X,Y define a pentagram edge in (20), i.e., orthogonal directions, and X,Y
define a pentagon edge, i.e., nonorthogonal directions, in (21). So:
|〈XY 〉+ 〈XY ′〉+ 〈X ′Y 〉 − 〈X ′Y ′〉| ≤ 2 (22)
since at most two of these terms can be equal to 1, in which case the remaining two
terms lie between ±1/3.
Since the correlations satisfy the CHSH inequalities but violate the Klyachko in-
equality, they test contextuality rather than nonlocality. That is, as far as the CHSH
inequalities are concerned, the correlations are consistent with a local hidden variable
theory for the observables measured in the experiment—they are inconsistent with a
local hidden variable theory in which the value assignments are noncontextual.
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